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Abstract 

Two-dimensional quantum fields in electric and gravitational backgrounds can be described 
by conformal field theories, and hence all the physical (covariant) quantities can be written 
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between covariant and holomorphic forms of higher-spin currents in these backgrounds, and 
then, by using these relations, obtain higher-spin generalizations of the trace and gauge (or 
gravitational) anomalies up to spin 4. These results are applied to derive higher-moments of 
Hawking fluxes in black holes in a separate paper [15]. 
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1 Introduction 



Hawking radiation is a universal quantum effect which arises in the background spacetime with 
event horizons [H [2]. Such universal behavior arises because fields in black hole backgrounds 
can be reduced to an infinite set of two-dimensional conformal fields near the horizon. The 
emergence of conformal symmetries near the horizon was first emphasized in [3] and used to 
derive the Hawking radiation based on gauge or gravitational anomalies [H |5]. The anomaly 
method has been applied to rotating black holes [6l [7] and various others. Such conformal 
structure near the horizon is also used to derive the higher-spin (HS) currents of Hawking 
radiation [HI [9] by examining conformal transformation properties of these HS currents. 

The above derivation of the HS fiuxes is based on the fact that two-dimensional quantum 
fields can be described by conformal field theories even in the presence of the electric and 
gravitational backgrounds, and hence all the physical quantities are written in terms of the 
conformal, i.e. holomorphic and anti-holomorphic, quantities. The HS currents used in [HJ [9] 
are the holomorphic currents. They are holomorphic functions and different from the (u • • • u)- 
component of the ordinary covariant currents by some functions of the electric and gravitational 
backgrounds. These differences are responsible for the conformal transformation properties 
of the conformal currents. In the simplest case of the energy-momentum (EM) tensor in the 
gravitational background, it is well-known that we can define the holomorphic EM tensor t{u) 
from the original covariant EM tensor Tu„ by 



where c is the central charge and (p is the conformal factor of the gravitational background. This 
relation gives the transformation property of t{u) under conformal transformations. 

In this paper, we generalize this relation to all the HS currents in electric and gravitational 
backgrounds. This gives a further justification of our analysis in [8] and [9]. 

In section 2, we first review the relation between covariant and holomorphic forms of the U{1) 
current and the EM tensor in electric and gravitational backgrounds. For the case of EM tensor, 
this relation can be obtained from the conservation equations for EM tensor V ^Tjf = F^ii^J^ and 
the trace anomaly = cR/24:Tt. Note that T^^ denotes the matter EM tensor and therefore it 
is not conserved by itself in the electric background. 

In section 3, we generalize them to HS currents. Here we construct higher-spin (M^i+oo) cur- 
rents from two-dimensional fermion fields in the electric and gravitational backgrounds. Since 
we do not know either conservation equations or trace anomalies for HS currents at the be- 




(1.1) 
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ginning, we cannot start from these equations. Instead we will take the following procedure 
to obtain the relations between covariant and holomorphic HS currents. The original fermion 
field ip transforms covariantly under gauge and local Lorentz transformations. We will construct 
covariant HS currents by regularizing the fermion bilinears d^'ip\x)d^'il){x) in the covariant way 
under gauge and general coordinate transformations. On the other hand, we can define a new 
fermion field ^' which is holomorphic in the electric and gravitational backgrounds, and by using 
it, we construct a holomorphic form of the HS currents. After defining these two types of HS 
currents, we give relations between the covariant and holomorphic forms of HS currents. 

In section 4, by using the relations between covariant and conformal HS currents in section 
3, we obtain conservation equations and trace anomalies for the HS currents. This is the inverse 
step compared to the derivations of the holomorphic U{\) current and EM tensor in section 2. 
We show that the relations in section 3 and some assumptions for the currents are sufficient to 
determine the explicit forms of trace anomalies for HS currents. For the classically traceless spin 

(3) 

3 current J^J^^, it acquires the following quantum correction: 

This is considered as a spin-3 generalization of the trace anomaly for EM tensor. For the spin 

4 current jju)pa, it is classically traceless but it acquires the quantum anomaly given by 



1 .V^r+^(f^-—R^ 



(1.3) 
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A generalization to higher spins than 4 is also possible but the calculation becomes more com- 
plicated. 

In section 5, we consider a chiral theory where the central charges in the left and right handed 
sectors are different. In this case, we can obtain a generalization of the gauge(or gravitational) 
anomalies for higher-spin currents. We first review how we get the gravitational anomaly from 
the relations obtained in section 3, and then generalize it to spin 3 and 4 currents. For the spin 
3 current, the generalization of the gauge anomaly becomes 

Jg)'^ = ---±^ (e.aV-V^F^^ + ep^V^V^FH - ff.pe^^V^V^F^") . (1.4) 

Here • • • represents classical violation of the conservation equation for matter currents in the 
electric and gravitational background. +(— ) corresponds to the right (left) handed fermion. 

These results can be applied to derive the HS fluxes of Hawking radiation. The relations 
between covariant and conformal HS currents obtained in section 3 provide another derivation 



of fluxes of HS currents in Hawking radiation. These relations are equivalent to solving the 
conservation equations and trace anomaly equations for HS currents. Hence the derivation gives 
a generalization of the Christensen and Pulling's method [11], in which the conservation equation 
of the EM tensor and the trace anomaly equation are solved with the regularity condition at 
the horizon. On the other hand, as we see in section 5, these relations can be rewritten as a 
generalization of the gauge anomaly. By applying these anomaly equations to black holes, it 
gives a generalization of the anomaly method [HIS] (see also appendix of [13] and [H]). These 
two derivations also clarify some points which were obscure in the previous papers [8] [9] . We 
will discuss these applications in a separate paper |15j . 

In appendix A, we summarize the relations between holomorphic and covariant HS currents 
up to spin 4. 

2 U(l) current and EM tensor 

In this section, we review a derivation of the holomorphic U{1) and EM tensor in the background 
of U{1) gauge and gravitational fields. These holomorphic quantities are obtained by solving 
conservation equations together with the anomaly equations. 

Throughout this paper we employ the conformal gauge ds'^ = e^dudv for the gravitational 
background and the Lorenz gauge V^^^ = for the gauge field background. 

First we derive the holomorphic U{1) current. The U (1) current satisfies the conservation 
equation 

V^J^ = 0, (2.1) 
and the chiral anomaly for the chiral current J^^ is given by 

V^J''^ = ^e^'F^,. (2.2) 

ZTT 

Here the charge of the field is set e = 1. Ff^i, is the field strength of the background gauge field 
and e^'^ is the covariant antisymmetric tensor, e™ = 2e~'^ = g^^' . The chiral current is related 
to the gauge current by J^^ = e^'^ Jy. From eqs. (12. ip and ()2.2p . we find 

(^Ju - ^A.}j = 0, du (j. - = 0, (2.3) 

where the gauge conditions are used. Hence we define the (anti-)holomorphic U{1) currents as 
follows: 

j{u) = Ju--Au, 'j{v) = Jv--A^. (2.4) 
TT vr 



The holomorphic U{1) currents generate a combination of the holomorphic gauge transformation, 
which is a combination of gauge and chiral transformations. Note that these currents are not 
covariant under the U{1) gauge transformations. 

Next we derive the holomorphic EM tensor. The conservation equation of the matter EM 
tensor is given by 

V^T'^. = F^.J^. (2.5) 

The r.h.s. represents dissipation of the energy in the matter sector to the background gauge 
field. The trace anomaly of the EM tensor is given by 

T% = ^R, (2.6) 

where c is the central charge of the matter field and R is the Ricci scalar R = —Ae^'^dud^uif. 
From these equations, we obtain 

C ^o2^. 1/^, ^ ^2^ 1 



dv [Tun - ^ [dt'p - -{du^rj - -Ai - 2Aj{u) ) = 0. (2.7) 
Thus we define the holomorphic energy-momentum tensor as 



t{u) = T„„ - — ^dtv - -{d^^Yj - -At - 2A^j{u). (2.8) 

The anti-holomorphic one is defined similarly. These currents play a central role in conformal 
field theories since they generate conformal transformations, which is a combination of the 
general coordinate, Weyl and chiral transformations. 

3 Holomorphic and covariant HS currents 

In the previous section the relations between holomorphic and covariant quantities are obtained 
in the cases of the U{1) current and energy-momentum tensor. In this section, we give a 
generalization of such relations to higher-spin (HS) currents. We consider fermionic fields in the 
gravitational and electric backgrounds, and construct holomorphic and covariant currents from 
them. Then we investigate the relations between these currents. 

3.1 Holomorphic HS currents 

In order to construct the holomorphic higher-spin currents from fermionic fields, let us recall 
some properties of the fermion in the two dimensions. The equation of motion for the right- 
handed fermion with unit charge is given by 

dv - lAy + ^dvLp \ ipiu, v) = 0, (3.1) 
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in the gravitational and electric backgrounds (99, A^). In the Lorentz gauge, the gauge field can 
be written locally as 

Au = duviujv), Ay = -dvr]{u,v), (3.2) 

where ri{u, v) is a scalar field. Since gravitational fields and gauge fields are not generally 
holomorphic, ip{u, v) is not holomorphic either. In order to construct holomorphic quantities 
from the fermion field, we define a new field ^ as 

^ = exp ^-ip{u, v) + ir]{u, v)^ ipiu, v). (3.3) 

Then the equation ()3.ip becomes dy^ = and hence ^ is holomorphic. Similarly we can define 

as 

= exp ^-(p{u, v) — ir]{u, v)^ ip^{u, v), (3.4) 

so that also becomes holomorphic. 

Regularized holomorphic currents are constructed from these holomorphic fields. For exam- 
ple, the holomorphic U{1) current can be defined as 



j(u) =: ^T(^i)\j/(^t) := liin 

e— »0 



'^Uu + -] "if (u - -] + ^ 



(3.5) 
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where the point splitting regularization is used and ^' has the following operator product ex- 
pansion, 

i 1 

^''{u)^{w) . (3.6) 

2tt u — w 

Note that we have not attached a Wilson line phase in the regularization, since the gauge field is 
not holomorphic and the Wilson line phase breaks the holomorphy. As a result, the holomorphic 
U{1) current is not gauge invariant. We can also construct holomorphic currents : dy'if^d^'^{u) : 
in the same way. 

In order to clarify the difference between the holomorphic current and the ordinary covariant 
current, let us consider the covariant U{1) current Ju in the electric background. We here omit 
the gravitational background for simplicity. Ju can be defined as 



Ju = lim 



27re 



(3.7) 



In contrast with the holomorphic U{1) current, we have attached the Wilson line phase in the 
regularization, so this current is gauge invariant but not holomorphic. By using (|3.3p . ([37 
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and the operator product expansion (j3.6p . the covariant U{1) current can be related to the 
holomorphic U{1) current (j3.5p as follows, 



Ju = lim 



\ 27re / 27re 

= j{u) + -Au. (3.8) 
vr 

This equation reproduces the equation (j2.4p which was originally derived from the conservation 
equation (j2.ip and the chiral anomaly (|2.2p . Hence this evaluation of the covariant current is 
equivalent to solving the conservation and anomaly equations. Similarly the relations between 
the covariant and the holomorphic HS currents contain the full information of conservation 
equations and anomalies for these HS currents. We will discuss it in the next section. 

In the following subsections, we will consider a generalization of the relation (j3.8p to the HS 
currents. Instead of considering each HS currents separately, it turns out that it is useful to 
introduce the following generating function of the holomorphic currents 



oo 

Ghoi{u + a,u + b) ^ V ^ : 9™^I/t(n)a;'^(n) : 

^-^ mini 

m,n=0 

= ^Hu + aMu + b) + ^^^. (3.9) 

This should be understood as a formal power series in terms of the parameters a and b around 
the position u. This function is holomorphic but not gauge covariant. In the subsection 13.31 we 
will construct a generating function for the covariant currents, and then give a relation between 
these two functions. 

We here comment on the transformation property of the fermion field ^ under (holomor- 
phic) gauge transformations. In the Lorentz gauge, there remains residual holomorphic gauge 
symmetry, 

^'(n, v) = e'^^'''^i;iu, v), rj'{u, v) = r]{u, v) + A{u). (3.10) 

Under this transformation, ^(u) transforms as a field with twice the charge of ip, 

q,'{u) = e2^^("%(n). (3.11) 

This clarifies a point which we did not explain explicitly in [9], i.e., we there used this transfor- 
mation property for the holomorphic field under the holomorphic transformation connecting a 
suitable gauge at infinity and a suitable one near the horizon. 
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3.2 Covariant HS currents 



Now we will define the (u ■ • • ti)-component of the covariant HS currents constructed from the 
fermion -0 in the electric and gravitational backgrounds. Since these currents are covariant under 
holomorphic general coordinate transformations, u ^ u = f{u), it is convenient to define the 
coordinate which is invariant under these transformations. 

In the rest of this section, we consider f to be a fixed coordinate and treat the system as 
a one-dimensional one with the coordinate u. Then, under the holomorphic general coordinate 
transformations, we can define an "invariant coordinate" x which satisfies dx = e~'^du and re- 
gard u as a function of x, i.e. u = u{x). Since dx is invariant under the above holomorphic 
transformations, the point splitting regularization is also invariant if it is defined in the x co- 
ordinate, not in the u coordinatqj. u{x + e) is now expanded as a formal power series of e 
as 



u{x + e) 



g2 g3 

u{x) + edxu{x) + —d1u{x) + -^dl.u{x) H 

2 3 

u{x) + ee-'Pduuix) + ^- {e-^duf u{x) + ^^{e-'Pduf + 



u + ee 



(3.12) 
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where we used only the relation dx = e~^du- It is important that the last expression does not 
explicitly depend on x. A field (f) located at u{x + e) is defined as the following expansion, 



(^(x + e)) = (t){u{x)) + edx(t){u{x)) + —dlct){u{x)) + ■ ■ 
= ct>{u) + ee-^du^{u) + ^ {e-^duf<P{u) + 



(3.13) 



Let's first consider the relation between the holomorphic and covariant EM tensor in the 
electric and gravitational backgrounds. As explained above, covariant regularization can be 
defined in the x coordinate as follows, 

e^O [ 2 



2^e2 J 



(3.14) 



* Since the coordinate x is formally introduced as a function of u, v should be kept fixed if a formula contains 
X explicitly. A derivative with respect to v must be taken only after the x coordinate is removed. 
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Here the Wilson line phase is introduced to guarantee the U{1) gauge invariance. The covariant 
derivative is defined by 

VuHu{x + e/2)) = (^du - ^duviu{x + e/2)) - M«(n(x + e/2))^ i;{u{x + e/2)). (3.15) 

Hence e~^'^'Vuip'^ and e~i'^ip'^ transform as scalars under holomorphic coordinate transforma- 
tions. Therefore Tuu transforms as a weight 2 tensor. 

This EM tensor can be rewritten in terms of the holomorphic fields by using eqs. (j3.3p and 
l^i^ as 

e^O 1^ 2 

^_|^(«(^+,/2),„)- i^(„(x-./2),^)y^^t(^(^ ^ e/2),v)^{u{x - e/2), v) 

_g-|v'("{^+e/2),t;)-|v.(n{x-e/2),t;)^t(y(a. + e / 2) , v)V u^ iu{x - e/2),v) 

where the covariant derivative of ^ is = (pu — \du<^ — 2iAu) ^ and the gauge field is 

written by the scalar field ry, eq. (|3.2p . By using the following operator product expansion 

*t(„(. + elDWui. - .12)) + *t(„)vf(„) , (3,17, 



we find 



+^Al{u,v) + ^ (dl^{u,v) - ^{du^iu,v)f 



(3.18) 



This relation is equivalent to eq. ()2.8p with the following identification of the holomorphic EM 
tensor, 



t{u) = : (du^^{u)^{u) - ^Hu)du^{u)) : 



(3.19) 



Generalizing these definitions of the covariant currents, we define the covariant HS current 
J^}u as follows, 



rin+l) 



m=0 



2"m!(n — m)\ 



a ^u{x — €/2) '^^ ' ^ 



^^-{m+l/iMu{x-e/2),v) ^^^^rn^^^^^ _ ^^2)^^) 



2vreri+l 



(3.20) 



This current is symmetric with respect to iIj and and invariant under the U{1) gauge trans- 
formations thanks to the Wilson hne phase. The point sphtting regularization is performed in 
the X coordinate. Furthermore we have multiphed the conformal factors at u{x ± e/2) to make 
the combinations to be scalars under holomorphic general coordinate transformations. There- 
fore, because of the factor e("+i)^, this current transforms as a tensor with a weight (n + 1) 
under holomorphic general coordinate transformations. By rewriting this quantity in terms of 
the holomorphic fields and using the operator product expansion (j3.17p . we can take the limit 
e ^ and get a formula which no more contains the formally introduced x coordinate. Then a 
relation between the covariant and the holomorphic HS currents is obtained. The holomorphic 
HS currents are defined aJ3 

n I 

(u) = J] : i-zd^r-'- ^ : . (3.21) 

m=0 ^ ' 

In these notations, we denote the U(l) currents and the EM tensors as Ju = Ju\Tuu = 
j'^^,j{u)=3^^){u) and t{u) = j^^) {u) . 

The explicit forms of the relations between the covariant and holomorphic currents with spin 
3 and 4 will be given in section 4. 

3.3 Generating functions of HS currents 

Instead of studying each HS current separately, it is simpler and more systematic to consider 
a generating function of the HS currents. We define the following generating function of the 
covariant HS currents as a formal power series with respect to a parameter a, 

Gcovia) = y;i^e-("+i)^("''')jl?r^ (3.22) 
In substituting the definition of J^.^\ we use the following relation, 



Mu{x+e/2)) d y ^»/,;'"+^/'' d«'A„(n',^)^_(fc+l)^(„(x+./2))^t(y(2; + e/2)), 



du{x + e/2)^ 

(3.23) 



^Our definitions of the HS currents are difi^erent from those of the Wi+oo algebra in [TS]. Their HS currents 
are given by combining our HS currents and the derivative of them. 
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where uq is a fixed value on the u coordinate. A similar calculation can be done for the term 
including ip. Then Gcovi^) can be represented as 

d 



lim 

€-»0 



m 



E 

n=0 



^-^ ml 

,m=0 

i-ar 



n 



-^iuix-e/2)) 



du{x + e/2) 

_d 

du{x — e/2) 



iri{u{x+e/2))~{k+\)^{u{x+e/2)) ^^^^^ _|_ 
-iri{u(x-e/2))-{k+\)ip(u(x-e/2))^^^^^ _ £^2)) 



e 4 



47r(a + e/2)_ 

i(^{n{x+a),^0+^(n(.-a),^,))gir/r:/rf^.'A„K,^>)^t(^^^ ^ a), - a),v) 



Aira 



(3.24) 



In the last expression we have naively taken the limit e ^ for notational simplicity, but the 
precise meaning of Gcovi(^) is given by the first expression. By similar procedures to those used 
in the previous subsection, i.e. employing eqs. (|3.3p . p.4p and p.l7p . the generating function 
can be described in terms of the holomorphic fields. 



Gcov{0') 



^—^((p(u(x+a),v)+(p{u(x—a),v)) ^2i{ri{u{x+a),v)~r}{u{x~a),v)) 



X Ghoi{u{x + a),u{x - a)) 



ih 



1 



271 u{x + a) — u{x — a) 



+ 



ih 

47ra' 



(3.25) 



where the gauge field is represented by using r/, eq. (j3.2p . In this expression, in order to distinguish 
the quantum contributions from the classical ones, we recovered the Planck's constant h. By 
expanding the relation with respect to the parameter a, we can obtain equations which relate the 
covariant HS currents with a sum of the holomorphic currents in the electric and gravitational 
background. 

We can also define a generating function for the holomorphic HS currents j^'^\u), 

^ (2i«r .(n+l). 



Ghoiiu + a,u- a) = ^ 



n=0 



n! 



'(n) 



(3.26) 



By using eqs. p.3p and (j3.4p . Ghoi{ct) can be written in terms of ■0 and if)'^ as 

-\i^{u+a)+^{u-a))+t{r,{u+a)-r,(u-a))^]^^ j_ ^^^^^ _ 



e 4v 



+ 



+ 



ih 



1 



27r x{u + a) — x{u — a) 
ih 



ih g|('/'{"+°)+'/'{"~"))-2«{f?("+a)-'?(«-Q!)) 



27r 



x{u + a) — x{u — a) 



47ra 



(3.27) 



10 



The first term in (j3.27p can be described in terms of the covariant HS currents and their deriva- 
tives. By expanding p.27p with respect to the parameter a, the equations relating the holomor- 
phic HS currents with a sum of the covariant ones can be derived. The obtained relations are 
summarized in the appendix lAl 

In the next section, we investigate the relations for spin 3 and 4 currents, and discuss the 
conservation equations, trace anomalies and generalizations of gauge (or gravitational) anoma- 
lies. 

4 Trace anomalies for HS currents 

In section [21 we derived the relation between T^u and t(u) from the conservation equation (j2.5|) 
and the anomaly equation (j2.6p . In this section, we take an inverse step for the HS currents. We 
first provide relations between the holomorphic and covariant HS currents from equation ()3.25p . 
and then, by using these relations, evaluate their conservation equations and trace anomalies. 
In order to fix the definitions of the currents, we impose the following assumptions about the 
currents: 

1. Anomalies appear in the trace parts of the currents only. 

2. The covariant currents are classically traceless. 

3. The covariant currents are totally symmetric. 

Under these assumptions, we will obtain the conservation equations and trace anomalies for the 
spin 3 and 4 currents. The derivation can be straightforwardly applied to general HS currents, 
though calculations become more complicated. 

We use the following notations of the currents in this section. J^^^ denotes the covariant 
U{1) current J^, jj^J denotes the covariant energy-momentum tensor T^^, and J^j^...^^ does the 
spin n covariant current. 

4.1 Trace anomaly for spin 3 current 

We here consider the spin 3 current. From eq. (j3.2Up . the covariant spin 3 current is given by 
jUI = -ie3.hme^/"t-";^^>'^'^"("'^) 

4 e— >0 

^_|^(„(^+,/2),„)- i^(„(x-e/2),^,)y2^t(^(^ ^ e/2), - e/2),v) 

_2g-|^(n(x+e/2),^,)-|^(n(:.-e/2),^,)y^^t(^(^ + v)V ^^l,{u{x - e/2), v) 

^^-\^[u{x+e/2\v)-\^{u{x-e/2),v)^\^^^^ ^ e/2) , ^(n(x - e/2),v) \ . (4.1) 



11 



The corresponding holomorphic spin 3 current is 



= (: ^tg2^ _ 29«*tQ^^ + 9^^"^^ :) . (4.2) 



The following relation between these currents can be derived by expanding Gcov{o) (j3.25p and 
taking the terms as 

4i =3^'\n) + AAj^\u) + Q {dl^ - {du^f) + AAl^ j^'\u) + ^^.v^^^j^^) (n) 

+ A (a„ - (duf)') + dufd^A^ - ^dlA^ + ^Af}j . (4.3) 

From this equation, we derive the conservation equation and anomaly equation for the covariant 
spin 3 current. First let us consider the uu component of the conservation equations ^ ^J^^^^ uu- 
By taking the derivative of eq. (j4.3p with respect to v, we find 



V j(3) _ _2p j(2) _ ly / , JLv2 F 



V'Juuu ~ ^-^ uv^uu g ^ " \9uvRJu j + 247r^"^™' (^■^) 

Here we have used the equations in appendix [X] to describe the holomorphic currents in terms of 
the covariant currents. Since, as mentioned above, we assume that anomalies arise only in the 
trace part of the currents, we regard the last term in eq. ()4.4p . which is a quantum contribution, 
as the covariant derivative of the trace anomaly. 

Thus the uu component of the conservation equation becomes 

V^J(3)^, = -25™F.,j£) - iv„ (rJ^A . (4.6) 



Here we have multiplied (j4.4p and (|4.5p by g'^'" . From this equation we may naively guess the 
general components of the conservation equation as follows, 

V.J^'K, = -F., J(^)% - F,,J('K - 3^V. - ^V, {r4'^) , (4.7) 

where the indices i', p are symmetrized. But this is not traceless at the classical level, which 
contradicts with the second assumption. Note that terms proportional to g^p can be added to 
the conservation law without affecting eq. (|4.6p . Thus by using this freedom, we can make the 
r.h.s. of the conservation equation traceless with respect to v and p, 

(4.8) 
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This satisfies the three conditions we require. 

Next the trace anomaly Jvuu can be read from equation (|4.5p 



This can be covariantized as 



h 



= yI^V^F^. (4.10) 

(3) Q^^.o 7(3) 



In order to check the consistency with the conservation law ()4.8p . we calculate Juw Since J, 



uvv 



is given by 



we can show V^J^^)/^^^ = by using the identity in two dimensions, [V^,Vj/]Fpo- = 0. Hence 
(fiJO]) is consistent with (filH]) . 

The conservation equation (|4.8p implies that the theory can possess symmetry associated 
with the spin 3 current if the corresponding spin 3 gauge field is included in it. Let us consider 
an action containing linear couplings of the HS currents to general higher-spin gauge fields 

S[A,9,b("'^ = I d2^^f£o + f;^4^..M„^^"^^"-^") , (4.12) 

\ n=3 ■ / 

where Co is the Lagrangian for the free fermion in the electric and gravitational backgrounds, 
and gfj,^, respectively. We also introduce the following effective action for these gauge fields, 

^^^^'9'^'"'] = f Vi^V^ ei5[^.5,i?(")]. (4.13) 



The expectation values of the HS currents in these backgrounds are given by 



Then the conservation equation (14. 8p indicates that the effective action is invariant under the 
following infinitesimal transformations of the background fields, 

j^5(3W ^ \{yi^^^p ^xI''iP^' + (4.15) 
3 

6^g^^ = -le'' F^"" - 2^"^ F^^" , (4.16) 

5^A^ = IrVuC^, (4.17) 

o 

13 



where S,'^'^ is a symmetric traceless parameter. 

This transformation law is vahd only for the weak B^^^ field limit, i.e. we have assumed 
that the rank 3 gauge field B^^^ was originally absent. Since the OPE between spin 3 currents 
generate higher-spin currents, they no longer form a closed algebra, contrary to the spin 1 or 
spin 2 currents. Hence higher-spin gauge symmetries larger than 2 and their backgrounds must 
be considered as Woo gauge symmetry and gauge fields as a whole. This is beyond the scope of 
the present paper. 

4.2 Trace anomaly for spin 4 current 

The covariant spin 4 current is given from eq. (I3.20p by 

8 e— >0 

^ -^^l^^iu{x+e/2),v)-y{u{x-e/2),v)^3^^^^^^ ^ e/2) , t;) V'(n(x - e/2), v) 

_3g-|^(n(:.+e/2),^,)-|^(n(:.-e/2),^,)y2^t(^(^ + v)V^i,{u{x - e/2), v) 

^3g-|^(n(:.+e/2),^,)-|^(n(:.-e/2),^,)y^^t(^(a; + g/2), v)VllP{u{x - e/2),v) 
_^-\^[u[x+e/2),v)-^.^{u{x-e/2),v)^]^^^^ ^ e/2) , ^^(^(x - e/2), ?;)j , (4.18) 

and the corresponding holomorphic current is 



(4.19) 



The relation between these two currents are obtained from a'^ terms of the equation (13.250 as 

+ -A^du^dJ^\u) + 2Au (dlif - -{duvf] + -duAuduV - -dlA^ 
h 



+ 



\{Adl^ - 5{du^f) + l2Al 



P{u) 



+ 8A' 



^A^{du - 2duip){du - duip)Au + ^Al {dl^ - \{duvf^ + ^At 



n 

leOvr 



(a. - 3du^){du - 2d^^) {dl^ - \{du^f^ + ^ {dl^ - \{duvf^\ 



First we derive the uuu component of the 

to V and multiplying g'^'" , 



(4.20) 



conservation equation from this equation by taking 

the derivative of ()4.20p with respect 



V"j(4) 
* " uuuu 



o ni)77 t(3) _^uy 7(2) _ 1 T(2)y E> _ 1 „™ /(I) F -\ —V^N (421) 

"jy ^vwJuuu ^-^^wJuu 2 " 4^ " " 3207r l^-^-*-^ 
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As in the case of the spin 3 current, we regard the last term as the contribution of the trace 
anomaly 
given by 



anomaly because it is proportional to h and quantum. From the assumptions 1 and 2, Jvuuu is 



41u = -^duvVlR. (4.22) 
From ()4.21|) . we guess the covariant conservation equation as 

VM/(4) -F t(3)m ,77 j{3)ti ,p 7(3)m 7(2) , y 7(2) + V J^^A 

^ fiupa Mi"^ pa ^ ^ pp'J CFV ^ pa'J up g ^i- ^ V yJ T V pO T V a'Jyp J 

+ 4'V,V^F^ + 4i)V,V^F% + j(i)V^V^F^^ . (4.23) 

Next we add appropriate terms proportional to gfj,y so that this conservation equation becomes 
classically traceless. In general, one can construct a rank 3 traceless symmetric tensor from any 
rank 3 symmetric tensor -B^po- by subtracting the trace part {gupB^fj_a + gapB^fiu + QavB^ ^p) / A. 
We define Cy as the trace of (I4.23P . 

a = ry^JlSpa 

~T2 (^'^^'^'^P^A*^''- + • (4-24) 

Note that includes the traces of the covariant spin 2 and 3 currents which vanish classically 
but not at the quantum level due to the trace anomalies. According to our assumption 1, we 
treat such anomalous quantities as contributions of the trace anomaly. Therefore we define 
as Cu without the anomalous terms, 

C, = - ^i?Vpj(2)P, - i J(2)p,v,i? - ^ |^j(i)^VpV^F^ + J^i^V.V^F^^j , (4.25) 
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and construct a new conservation equation, which are classicahy traceless, 

VM/(4) _ 77 7(3)m 17? /(3)m I z? 7(3)m _ii?/'v 7(2) +v /(2)+v 



' Hvpa 



vp 



6 



( 9upCa + QpaCy + QavCp ) . 



Next the titi component of the trace anomaly can be read from (j4.22p . 

h 



J(4)/. 



}1UU 



-VlR. 



leoTT " 

Then general components of the trace anomaly have the following form, 

h 



(4.26) 



(4.27) 



J{4)M 



pvp 



leOvr 



VyVpR + QupA, 



(4.28) 



where A is not fixed from (j4.27p only. We can determine A by imposing consistency of (|4.28p 
with (j4.26p . The trace of (|4.26p becomes 



V T(4)Atp —p j(S)p.p _lov7 t(2)p _ 1 t(2)p o 



pV 

h 

"247r 



V. F 



48 



-R 



(4.29) 



where F = e^'^F^iy/2 = g^'"Fuv On the other hand, the divergence of the (|4.28p is 



pv 



By comparing these two equations, A is determined as 



A 



h 



-V^R + 



h 



F' 



13 



R' 



1607r 247r V 120 

As a result, we obtain the trace anomaly of the spin 4 current. 



(4.30) 



(4.31) 



j(4)/. 



h 



p,yp 



leOvr 



VuVpR + gup 



h 



1607r 



V^R + 



h 

24^ 



F' 



13 
120' 



(4.32) 



As in the case of the rank 3 current, we can evaluate the transformation of the background 
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fields from the conservation equation (j4.26p . 




(4.33) 



(4.34) 



(4.35) 



(4.36) 



where ^^^'^p denotes a symmetric traceless parameter. 

5 Higher-spin gauge anomalies 

In the previous section, we have obtained the conservation equations and trace anomahes in 
the HS currents by considering non-chiral theories; i.e. the anomaly coefficients are the same 
between the holomorphic and anti-holomorphic sectors. 

In this section, we consider a chiral fermionic theory where we have cl left-handed fermions 
and Cfi{^ Cl) right-handed fermions. In this case, the conservation equation becomes anomalous. 
This is a generalization of the gauge or gravitational anomalies to the HS currents. If these HS 
currents are coupled to HS gauge fields, these violation of conservation equations lead to quantum 
violation of HS local symmetries. 

We here remark that, in the presence of cr right-handed and cl left-handed fermions, the 
coefficients of the anomalous terms in the {u - ■ ■ u) sector are multiplied by cr, and those in 
{v ■ ■ -v) sector by cl. 

In the following of this section, we will derive the anomalous conservation equations for the 
currents up to rank 4. 

5.1 U{1) gauge and gravitational anomalies 

In this subsection, we reproduce the gauge and gravitational anomalies from the relations be- 
tween the (anti-) holomorphic and covariant U{1) and spin 2 currents. 

First we consider the U{1) current. The relations in the present case with cl ^ cr become 






TT 



vr 
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By taking derivatives of these equations, we obtain 

Z TT 
{cR + CL) h 

Z IT 

where we have used the Lorenz gauge condition duA^ = —dyAu- They can be written in the 
covariant forms as 

V„J- = J^^1.,.^F^, (54) 



V.J'" = (£«±£ii A,..F„„. (5.5) 

Thus, if cl 7^ cr, the gauge symmetry is broken by the anomaly. 

Next we consider the energy-momentum tensor. Now the relation ()2.8p is modified as 

t{u) = r„„ - 2Aj{u) - '-^Al - 1^ [dl^ - \{duvf^ . (5.6) 

We can also obtain a similar equation for the right-handed fermion. By taking derivatives of 
them, we obtain 

487r 

v"r™=F„.9™j„- A('-^^^ + ii±^^')s.fl (5.8) 

In the case of the non-chiral theory (cl = cr), we can regard the anomalous terms as the 
contribution of the trace anomaly. However, in the case cl ^ cr, the terms proportional to 
(cl — cr) cannot be regarded as the contribution of the trace anomaly. As a result, we obtain 
the following anomalous conservation equation and trace anomaly equation: 



VT^^ =F,,J'- - —-!L^e^V''R, (5.9) 



The first equation reproduces the gravitational anomaly for the covariant EM tensor. 
5.2 Spin 3 and 4 gauge anomalies 

We have shown that our method reproduces the correct anomaly equations for the rank 1 and 
2 currents in the chiral theory. We further consider a generalization to higher-spin currents. 
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First we study the rank 3 current. The equation (j4.4p now becomes 

V j(3) _ _2p j(2) _ / o + J_ f ""R-^L , £i±f^A V72 ^ .5 

We also obtain a similar equation for Jvvv- As in the case of the energy-momentum tensor, we 
cannot regard the anomalous term proportional to {cr — cl) as the contribution of the trace 
anomaly. 

Equations consistent with (15. lip can be given as follows: 

+ -^^^^ {^uaV^V^F^, + ep.V'^V^F^ - 5.pe«<xV^V^F^") , (5.12) 
J^''^. =t|-^V,F^. (5.13) 



This is the spin 3 generalization of the gauge or gravitational anomaly. Note that, the conser- 
vation equation has been modified, but the transformation properties of the background gauge 
fields (I4.15|) - ()4.17p are not changed, since they are classical properties. 
We can similarly obtain a generalization to the rank 4 current; 

yMT(4) _p t(3)m ,p t(3)m ,77 t(3)m --b(\7 7(2) + V Z^^) + V Z^^)' 
^ ^upa — ^ t^i^"^ pa \ ^ip'J av \ pa'J vp g \ ^'^ pa ' ^ P'^ av ' ^ a'Jyo 

- \ {4'J^aR + jfJ^uR + 4'' Vpi?) 

- ^ (4'^ VpV^F^ + V^V^F^, + 4'^ V,V^F% 
+ 4^^yuV^.F^', + 4^^V„V^F% + J^^^VpV^F^, 

h CR-CL 



ybUvr 2 \ / 
^ (ffi.pC'a + S'pctC'j. + gavC^ , (5.14) 



J(4)M ^ CL + CR CL+CR 



V"i? + — ( - — i?2 



(5.15) 



leOvr 247r V 120 

Here we have modified Cy to C^, including the anomalous terms as follows, 

^ ~ (e^^V^VpVi? + 2ep„V'"V^V^i?) . (5.16) 



9607r 2 

This is the spin 4 generalization of the gauge and gravitational anomalies. The r.h.s. of (j5.14p 
contains both of classical and quantum parts. The classical parts arises due to the same reason 
as in the non-chiral case in section 4. The quantum parts are the anomalies. 
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6 Summary 



In this paper, we considered a two-dimensional theory of fermions in the electric and gravitational 
backgrounds and obtained a generalization of the gauge, gravitational and trace anomalies for 
higher-spin (HS) currents up to spin 4. In order to derive these anomalies, we started from the 
relation between holomorphic and covariant forms of HS currents in the electric and gravitational 
backgrounds. 

These anomaly equations can be applied to derive the higher-spin fluxes of Hawking radia- 
tion. This will be discussed in a separate paper |15j . 

In the cases of spins 1 and 2, the forms of anomalies can be determined by the descent 
equations and they have nice geometrical meanings. It will be interesting to investigate higher- 
spin anomalies than 4, and examine whether there are any systematic structures in the form of 
anomalies. 

Finally we notice that the anomalies we obtained are specific to HS currents constructed 
from fermions. If they are constructed from bosons, their anomalies have different combinations 
with different coefficients. 

A Holomorphic and covariant currents up to spin 4 

In section [3l we represented the covariant currents in terms of the holomorphic currents as in 
(j4.3p . However, when we calculate the conservation equation, it is more convenient to describe 
the holomorphic currents in terms of the covariant currents and thus we give their explicit 
expressions by expanding the generating function (|3.27|) . 

spin 1 current 

i(i)(u)=:^t^- (A.l) 

TT 

spin 2 current 

J^'Hu) = I : M/t9„^ - 9„^t^ j(2) _ 2^„j(i) + \aI-^ {dl^ - \ {d^^f^ (A.2) 

spin 3 current 

j{3)(u) = - i : ^^dl^ - 2du^^du^ + dl^^^ : 
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spin 4 current 

8 



5 



3 



^ " u, r " u- " uu "ur 2 



7(2) 



2-K 



dlAu+{dlip-]^{du^f^ A^-AAl 
+ {dl^ - duH^dl^ + \{dl^? - lidu^fdl^ + Y^iduvf^ ■ (A.4) 
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